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In the presence of indefinite causal order, two identical copies of a completely depolarizing channel can
transmit non-zero information. This arises due to quantum superposition of two alternative orders of quantum
channels. Here, we address the question: Can we transmit perfect classical information with superposition of N
depolarizing channels with multiple number of causal orders? We find that for N completely depolarizing chan-
nels with superposition of causal orders, there always is an additional classical communication advantages. This
communication advantage increases with the number N but asymptotically tends to zero for large dimension of
the input state. We also find that there is almost 3 fold gain in communication if we go from 2 channels to 3
channels instead of 1.9 fold. We also show that the gain in classical communication rate decreases exponentially
with the dimension of the target state and increases rapidly with the increase in number of causal orders. How-
ever, for qubit state it saturates at 0.31 bits and can never reach the perfect scenario. We also derive an analytical
expression for the Holevo quantity for N completely depolarizing channels with superposition of M ∈ [2,N!]
orders.
Introduction.– In classical information theory, it is assumed
that the states which carries information are deterministic, and
the information carriers, such as the channels, are used in def-
inite configuration in space as well as in time [1, 2]. How-
ever, physical systems obeys principle of quantum theory and
it offers resources which were not available in former theory.
These unique resources can be harnessed to achieve communi-
cation which were impossible in classical information theory
[3–5]. These findings led to a complete revolution in quantum
information theory [6, 7]. Still, quantum information theory
assumes that the information carriers, such as the channels,
maintain a specific order in space and time. However, quan-
tum theory allows the configurations where channels itself are
in superposition [8, 9]. Moreover, recently, it was realized
that the superposition can exist in the order of channels in
time also, in a scenario known as Indefinite Causal Order or
quantum SWITCH [10–14]. In quantum SWITCH, the rela-
tive order of the two channels are indefinite, and gives rise to
quantum advantages in reducing communication complexity
[15, 16], channel discrimination [17, 18] and computing [19].
Moreover, quantum switch has been experimentally realized
[20, 21], suggesting that the notion is not just a theoretical
possibility.
Recently, in Ref.[22], authors showed that by harnessing
SWITCH, one may achieve non-zero classical communica-
tion using two completely depolarizing channels, which has
also been experimentally demonstrated later in [23]. In the
same note, it is reported that using two completely entangle-
ment breaking channels in SWITCH, one may achieve perfect
quantum communication [24–26]. After these findings, sev-
eral applications of quantum SWITCH have been discovered
in quantum metrology, quantum thermometry and quantum
information as well [27–34].
Extension of such settings beyond superposition of two
channels is an immediate and interesting exercise to see
∗ sk.sazimsq49@gmail.com
whether it gives more communication advantages. However,
this comes with serious concern whether it is out of experi-
mental scope. In Ref.[35], authors showed that there is almost
1.9 fold increase in communication gain if we go over to 3
channels from 2 channels setting. Although the total causal
configuration jumps form 2 to 3!. This makes experimental
implementation very cumbersome, but nevertheless, possible.
Furthermore, their numerical results suggests that for 3 chan-
nels 3 causal orders gives almost similar gain to 3! causal or-
ders, and also, former is always greater than the other possible
causal orders. This bolsters the idea that if one considers only
N causal orders for N channels, should be sufficient. An ex-
tension to N channels with N! causal orders has been proffered
in Ref.[36], however, their approach was numerical to find the
communication rates and might have some numerical errors.
An analytical approach is in demand to delve deeper into this
and answer the open question: Can N channels in Indefinite
Causal Order allow perfect transmission of classical informa-
tion? We answer the question in this paper.
In this work, we analytically find the classical communica-
tion capacity with Indefinite Causal Order for N completely
depolarizing channels for M ∈ [2,N!] causal orders. We find
that the though there is communication gain because of the
non-commutative nature of the Kraus operators of different
channels as well as the superposition of causal orders, the gain
does not depend on the number of channels but it increases if
the number of causal orders increases. This tells us that if we
keep on increasing the causal orders (by increasing the num-
ber of channels), the gain in communication increases. We
also find that the gain in communication is equivalent for the
scenarios: (i) N! causal order for N channels and (ii) N! causal
order of N! channels. We also uncover that the gain in clas-
sical communication rate decreases exponentially with the di-
mension of the input target state. However, the gain increases
rapidly with the increase in causal orders. Moreover, this gain
saturates at 0.31 bits and can never reach the perfect scenario
when we wish to send a qubit through Indefinite Causal Order
with N channels.
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2SWITCH formalism:– The notion of Indefinite Causal Or-
der or Quantum SWITCH arises when we have the superposi-
tion of different causal orders of different quantum processes
(quantum channels) [22]. For two channels Λ1 and Λ2, the
target state ρ ∈ Hd can either go through the causal setting
Λ1 ◦ Λ2 or Λ2 ◦ Λ1 as allowed by classical Shannon model,
however, if we allow a control system ρc in state 1√2 (|0〉+ |1〉),
then target state ρ may undergo through the superposition of
orders (here we assume that the quantum state ρ goes through
Λ1◦Λ2 when control state is in |0〉〈0| and when control state is
in |1〉〈1|, ρ goes through Λ2◦Λ1). Let us consider that {Ki} and
{Li} are set of Kraus operators for the channels Λ1 and Λ2, re-
spectively. Then the effective Kraus operator representations
of the Switch channel are {Wi j = |0〉〈0| ⊗KiL j + |1〉〈1| ⊗ L jKi}.
Then, the action of the SWITCH is given by
ρout := S (Λ1,Λ2)(ρc ⊗ ρ) =
∑
i j
Wi j(ρc ⊗ ρ)W†i j,
where † represents complex conjugation. To have a heuristic
picture, let us consider only unitary channels U1 and U2 and
the target state is pure, i.e., |Ψ〉, then the transformation of
the state will be 1√
2
(|0〉 ⊗ U1U2 |Ψ〉 + |1〉 ⊗ U2U1 |Ψ〉). To see
the interference phenomenon, one need to measure the control
qubit in the Fourier basis, then the final target state will take
the form |Ψ〉 f = 1√2 (U1U2 ± U2U1) |Ψ〉.
FIG. 1. (Color online) A quantum particle in state ρ is going through
superposition of two orders Λ1 ◦Λ2 and Λ1 ◦Λ2 – creating an entan-
glement between causal orders and control qubit. The control qubit
ρc is in a state 1√2 (|0〉 + |1〉).
Extending this idea to N channels is possible [36], however,
the possible causal orders increases as M ∈ [2,N!]. For the
shake of simplicity, one can consider N unitary channels {Ui}
and the control state is in 1√
N!
∑N!−1
i=0 |i〉, then the final target
state will be in |Ψ〉 f = 1√N! (
∑N!−1
i=0 〈k |i〉 Ci(U1,U2, ...,UN) |Ψ〉,
where |k〉 = 1√
N!
∑N!−1
i=0 e
2ipiik |i〉 is the Fourier basis of |i〉
and Ci(U1,U2, ...,UN) represents the permutations of differ-
ent unitaries.
N completely depolarizing channels with SWITCH.– A
completely depolarizing channel in d-dimension can be de-
scribed by
Λ(ρ) =
1
d2
d2∑
i=1
UiρU
†
i =
1
d
Tr[ρ]Id,
where {Ui; i = 1, 2, ..., d2} are d × d unitary operators, Id is
identity operator of order d, and ρ is an arbitrary density ma-
trix in Hd. Now consider a physical scenario in which one
encodes a classical message in an arbitrary density matrix ρ
and communicates it through the channel. There will be ex-
actly zero classical communication via a single use or multiple
use of the completely depolarizing channel. In contrast, it was
shown that given two identical channels labeled as Λ1 and Λ2
and a control qubit state, ρc := |ψ〉 〈ψ|, where |ψ〉 = ∑1i=0 ci |i〉
with ci ∈ R+, there is a possibility of non-zero classical com-
munication [22].
Here, we will generalize the scheme represented in [22] to
N completely depolarizing channels {Λi}. Then, the Kraus
operators of the new quantum channel composed of N depo-
larizing channels could be written as
dNKi j..n =
N−1∑
`=0
|`〉〈`| ⊗ P`(Ui,U j, ..,UN), (1)
where P`(Ui,U j, ..,UN) defines the cyclic permutations of
unitaries. If the sender prepared the target system in the state
ρ, then the receiver will receive the output from the Quantum
SWITCH as
ρout := S (Λ1,Λ2, ..,ΛN)(ρc ⊗ ρ)
where the output state for the N channel configuration is given
as
ρout =
N∑
i=1
c2i |i〉〈i| ⊗
Id
d
+
∑
i, j
cic j|i〉〈 j| ⊗ ρd2 . (2)
Clearly, the output state depends on the input state. Therefore,
there is a possibility of nonzero classical communication ac-
cording to HSW theorem [37, 38]. Now, one can observe that
the information is encoded into the correlations, which will
be lost if we trace out or measures the control qubit in compu-
tational basis. However, in the Fourier basis one can extract
information about the input state [22].
Now, quantitatively, we will investigate our scheme. As
our aim is to communicate at the maximum rate, we will set
cis to 1√N . This way we can compare our results with that of
Ref.[22] where only two channels have been considered.
Method: Classical communication rate of a channel is
directly proportional to the Holevo quantity. The Holevo
quantity of a quantum channel, Λ is defined as χ(Λ) =
max{piρi} I(A : B)%, where % =
∑
i pi|i〉〈i| ⊗ Λ(ρi) with input
target state as ρ =
∑
i piρi. Therefore, in terms of von Neu-
mann entropy, the mutual information, I(A : B)% = S (Λ(ρ)) −∑
i piS (Λ(ρi)), which yields
χ(Λ) = max
{piρi}
S (Λ(ρ)) −∑
i
piS (Λ(ρi))
 . (3)
In the Ref.[22], authors have generalized the above scheme to
calculate the Holevo quantity for two quantum channels with
SWITCH. The Holevo quantity of N channels with switch is
given by
χ(N) = log d + S (ρ˜c) − Smin(ρout); (4)
3where ρ˜c is reduced state of control qubit after evolution, i.e.,
ρ˜c =
1
N (
∑
i |i〉〈i| + 1d2
∑
i, j |i〉〈 j|) and Smin is min-entropy, i.e.,
Smin(ρout) = minρ S (ρout) with S (.) being the von Neumann
entropy. However, the main difficulty will be to calculate the
eigenvalues of the Nd×Nd matrix, ρout to evaluate Smin(ρout).
Fortunately, we are able to use the method given in Ref. [39]
to find its eigenvalues. The determinant of the matrix, ρout
with ci = 1√N is given by
Det(ρout) =Det
( 1
N
[ I
d
− ρ
d2
])×(N−1)
× Det
( 1
N
[ I
d
+ (N − 1) ρ
d2
])
, (5)
where Det(.)×(N−1) denotes that there are N − 1 products of
same determinant. This beautiful simplified form of determi-
nant of actual Nd × Nd matrix tells us that finding the eigen-
values of actual matrix has reduced to finding the eigenvalues
of these small matrices, i.e., 1N
[
I
d − ρd2
]
with degeneracy N − 1
and 1N
[
I
d + (N − 1) ρd2
]
with degeneracy one. As [I, ρ] = 0, the
spectrum of the matrix ρout will be the union of that of these
two smaller matrices with their appropriate degeneracy. Let
{λ+i }di=1 and {λ−i }di=1 are the eigenvalues of 1N
[
I
d + (N − 1) ρd2
]
and 1N
[
I
d − ρd2
]
respectively, then
λ+i =
1
Nd
+
N − 1
Nd2
λ
ρ
i ,
λ−i =
1
Nd
− 1
Nd2
λ
ρ
i ,
where {λρi }di=1 are eigenvalues of ρ. As Smin(ρout) =
minρ S (ρout), certainly the minima will be ascertained if λ
ρ
i =
1 and λρj = 0 with j , j. Therefore, with the constrain that∑
i λ
ρ
i = 1, we can estimate the value of Smin(ρ
out) to be
Smin(ρout) = −
{d + (N − 1)
Nd2
log
d + (N − 1)
Nd2
+
(N − 1)(d − 1)
Nd2
log
(d − 1)
Nd2
+
d − 1
d
log
1
Nd
}
. (6)
Now, the remaining task is to find the expression for S (ρ˜c),
which is given by
S (ρ˜c) = −
(N − 1 + d2
Nd2
log
N − 1 + d
Nd2
+(N − 1)d
2 − 1
Nd2
log
d2 − 1
Nd2
)
. (7)
With these expressions, we can evaluate the classical commu-
nication rate, χ(N) for N complete depolarizing channels with
switch from Eq.(4). Notice that for N = 2, it reduces to the
result by Ref.[22].
Results: To have a better understanding, we plot the Holevo
quantity χ(N) with the number of channels and with dimension
(d) of the input state ρ. We find that the noise reduction in-
creases as we increase N, however, it decreases exponentially
as d increases (see Fig.2). The Fig.3 shows that the communi-
cation advantages for different choice of (N, d) is shifting to-
wards less d values as well as more N values. This means that
for N completely depolarizing channels in d = 2 with switch
will offer maximum classical communication. However, we
find that the communication advantage saturates with the in-
crease of the number of channels, hinting that it is not possible
to reach perfect communication rate, i.e., χ(N) = 1 [see Fig.4].
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FIG. 2. (Color online) Plot depicts that the Holevo quantity for differ-
ent # of channels, N is exponentially decreasing with the dimension
d of the target state, ρ.
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FIG. 3. (Color online) Contour plot depicts the Holevo quantity for
different # of channels, N and the dimension d of the target state, ρ. It
shows that the communication advantages is shifting towards lower
d and higher N.
Generalization to M causal order with M ∈ [2,N!].– As N
channels can have N! possible permutations, there exists N!
causal orders instead of N. However, we have considered N
causal orders of channels above, because – (i) the increment
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FIG. 4. (Color online) Log plot depicts that the Holevo quantity is
increasing for different # of channels, N for d = 2. It shows that
the communication advantages is saturating to the value 0.31 bits as
N = 104.
of communication advantage is substantial to notice, and (ii)
it becomes really cumbersome to implement them in experi-
ment. Next, we will discuss the analytical extension from N
causal orders to N! for N channels to exploit the full advantage
of such setup.
Our analytical calculation shows that it can be extended im-
mediately for N! causal orders. This is because the final ex-
pression does not depend on the number of channels we have
but only on the possible number of causal orders, M ∈ [2,N!].
Note that for M = 2, the expression in Eq.(4) reduces to the
2 channels 2 orders as well as 3 channels 2 orders. In gen-
eral, a symmetry is noticed: the Holevo information is same
for the settings (i) N channels with superposition of N! causal
orders, and (ii) N! channels with N! causal orders. Hence, in
general the expression for the classical communication for N
completely depolarizing channels with M causal orders can
efficiently be written as
χ(M) = log d + S (ρ˜c) − Smin(ρout), (8)
where ρ˜c is reduced state of control qubit after evolution, i.e.,
ρ˜c =
1
M (
∑
i |i〉〈i|+ 1d2
∑
i, j |i〉〈 j|) and Smin is min-entropy. While
Smin(ρout) and S (ρ˜c) have exactly similar expression respec-
tively to Eq.(6) and Eq.(7) with N replaced by M, the output
density matrix is
ρout =
1
M
M−1∑
i=0
|i〉〈i| ⊗ Id
d
+
∑
i, j
|i〉〈 j| ⊗ ρ
d2
 (9)
for control state ρc with |ψ〉 = 1√M
∑M−1
i=0 |i〉. This simplifies
the analytics for the N completely depolarizing channels with
2 to N! causal orders. These results remarkably suggests that
the gain due to SWITCH is mainly because of the superposi-
tion of different causal orders. Moreover notice that this effect
is also attributed to the non-commutativity among the Kraus
operators of different channels – which is a key element to
kick-start the effect.
To further ilucidate our finding here, we compute Holevo
quantity for some specific settings in the Table.I. We find that
χ is increasing with increase in causal orders. However, with
dimension of the system, Holevo quantity decreasing. Fur-
thermore, we find that our Table.I shows more classical com-
munication rates than that of Table.I of Ref.[35]. This ob-
servation reflects that there might be a problem in numerical
method employed in Ref.[35].
≈ χ(M)
M d = 2 d = 3
2 0.0488 0.0183
3 0.0817 0.0326
4 0.1058 0.0441
5 0.1245 0.0537
6 0.1395 0.0619
TABLE I. Table shows the communication rates for 3 completely
depolarizing channels with superposition of different causal orders.
Note that for two channels this gain is 0.0488. Therefore, from two
channels to three channels the ratio, χ(M)/χ(2) ∈ [1, 2.859]. Above
table contradicts the number found in Table.I of Ref.[35].
Conclusions.– To summarize, we have solved the open
question of transmission of classical information with Indef-
inite Causal Order for N completely depolarizing channels
with M causal orders, where M ∈ [2,N!]. Our approach is an-
alytical in nature. We find that there is more than two fold gain
in classical communication for only 3 channels over 2 if we
exploit the full option of causal orders. Note that there exists
at most N! possible causal orders for N channels. We also ob-
serve that the gain does not depend on the number of channels
we are using rather total number of possible available causal
orders. In particular, we find that N channels with superpo-
sition of N! causal orders is equivalent to N! channels with
N! causal orders. Furthermore, our numerical evidence sug-
gests that although gain in the classical communication with
Indefinite Causal Order is increasing with M, it decreases ex-
ponentially as the dimension of the input state increases. The
communication rate for a qubit never reaches 1 if we go on in-
creasing the number of causal orders M, saturating it around
0.31 bits. This is a non-trivial finding which suggests that
Indefinite Causal Order with more channels may not achieve
perfect classical communication capacity. It will be interest-
ing if the N channels with M Indefinite causal orders can be
experimentally realized with the existing technology.
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5Appendix A: Appendix: Calculations for N channels with SWITCH
We will furnish the detailed steps of calculating the state ρout = S (Λ1,Λ2, ..,ΛN)(ρc⊗ρ) and the procedure to find its eigenval-
ues. We will calculate this state by induction. We start by redoing the calculation by Ref.[22] for two completely depolarization
channels with switch.
N = 2 case:
The Kraus operators of the extended channel is
d2Ki j = |0〉〈0| ⊗ UiU j + |1〉〈1| ⊗ UiU j,
and therefore, according to the Ref.[22], the output state the receiver’s end is
ρout =
1∑
i=0
ci2|i〉〈i|c ⊗ Id +
∑
i, j
cic j|i〉〈 j|c ⊗ ρd2 . (A1)
The matrix form of the above state for ci = 1√2 is
ρout =
1
2
(
I
d
ρ
d2
ρ
d2
I
d
)
.
The determinant of this matrix according to the Ref.[39] is
Det(ρout) = Det
(1
2
[ I
d
+
ρ
d2
])
× Det
(1
2
[ I
d
− ρ
d2
])
,
which tells us that the eigenvalues of the 2d × 2d matrix are the union of eigen values of the matrices 12
[
I
d +
ρ
d2
]
and 12
[
I
d − ρd2
]
.
N = 3 case:
The Kraus operators are
d3Ki jk = UiU jUk ⊗ |0〉〈0| + U jUkUi ⊗ |1〉〈1| + UkUiU j ⊗ |2〉〈2|
=
2∑
`=0
|`〉〈`| ⊗ P`(Ui,U j,Uk),
where P`(Ui,U j,Uk) defines cyclic permutations of unitaries. We also find that the completeness relation, ∑Ki jkK†i jk = I holds.
Then the output state is
ρout =
1
3d6
∑
i jk
(
c20|0〉〈0|c ⊗ UiU jUkρU†kU†jU†i + c21|1〉〈1|c ⊗ UiU jUkρU†kU†jU†i + c22|2〉〈2|c ⊗ UkUiU jρU†jU†i U†k
+c0c1(|1〉〈0|c ⊗ U jUkUiρU†kU†jU†i + |0〉〈1|c ⊗ UiU jUkρU†i U†kU†j ) + c0c2(|0〉〈2|c ⊗ UiU jUkρU†jU†i U†k
+|2〉〈0|c ⊗ UkUiU jρU†kU†jU†i ) + c1c2(|1〉〈2|c ⊗ U jUkUiρU†jU†i U†k + |2〉〈1|c ⊗ UkUiU jρU†i U†kU†j )
)
. (A2)
Now simplify the prototype terms in Eq.(A2) which are
1
d6
∑
i jk
UiU jUkρU
†
kU
†
jU
†
i =
1
d4
∑
i j
UiU j
 1d2 ∑
k
UkρU
†
k
U†jU†i
=
1
d4
∑
i j
UiU j
(
I
d
)
U†jU
†
i
=
I
d
.
61
d6
∑
i jk
UkUiU jρU
†
kU
†
jU
†
i =
1
d4
∑
ik
UkUi
 1d2 ∑
j
U j(ρU
†
k )U
†
j
U†i
=
1
d4
∑
ik
UkUi
(
Tr[ρU†k ]
I
d
)
U†i
=
1
d2
∑
ik
Tr[ρU†k ]Uk
(
I
d
)
=
ρ
d2
.
Therefore using these simplifications in Eq.(A2), we get
ρout =
2∑
i=0
c2i |i〉〈i|c ⊗
I
d
+
∑
i, j
cic j|i〉〈 j|c ⊗ ρd2 . (A3)
The matrix form of this state for ci = 1√3 is
ρout =
1
3

I
d
ρ
d2
ρ
d2
ρ
d2
I
d
ρ
d2
ρ
d2
ρ
d2
I
d
 . (A4)
And according to the Ref.[39], the determinant of this matrix is
Det(ρout) =Det
([ I
3d
− ρ
3d2
( I
3d
)−1 ρ
3d2
]
−
[ ρ
3d2
− ρ
3d2
( I
3d
)−1 ρ
3d2
][ I
3d
− ρ
3d2
( I
3d
)−1 ρ
3d2
]−1
[ ρ
3d2
− ρ
3d2
( I
3d
)−1 ρ
3d2
])
× Det
( I
3d
− ρ
3d2
( I
3d
)−1 ρ
3d2
)
× Det
( I
3d
)
,
=Det
([ I
3d
− ρ
2
3d3
]
−
[ ρ
3d2
− ρ
2
3d3
][ I
3d
− ρ
2
3d3
]−1[ ρ
3d2
− ρ
2
3d3
])
× Det
( I
3d
− ρ
2
3d3
)
× Det
( I
3d
)
=Det
([ I
3d
− ρ
2
3d3
]2 − [ ρ
3d2
− ρ
2
3d3
]2) × Det( I
3d
)
,
=Det
([ I
3d
+
ρ
3d2
− 2 ρ
2
3d3
])
× Det
([ I
3d
− ρ
3d2
])
× Det
( I
3d
)
=Det
([( I
3d
+
ρ
3d2
)( I
3d
− ρ
3d2
)
+
ρ
3d2
( I
3d
− ρ
3d2
}])
× Det
(1
3
[ I
d
− ρ
d2
])
,
=Det
(1
3
[ I
d
+ 2
ρ
d2
])
× Det
(
1
3
[ I
d
− ρ
d2
])×2
,
where we have used the fact that Det(A) × Det(B) = Det(AB), A−1A = I and [I, ρ] = 0. Therefore, the eigenvalues of the matrix
ρout are the union of eigenvalues of matrices 13
[
I
d + 2
ρ
d2
]
with degeneracy one and 13
[
I
d − ρd2
]
with degeneracy 2.
Arbitrary N case:
Using the analysis for N = 3 case, we are perfectly poised to to extend it for arbitrary N case. For N completely depolarizing
channels with switch, the final state at the output is
ρout =
∑
i
c2i |i〉〈i| ⊗
Id
d
+
∑
i, j
cic j|i〉〈 j| ⊗ ρdd2 . (A5)
The Nd × Nd matrix form of ρout for ci = 1√N
ρout =
1
N

I
d
ρ
d2
ρ
d2 . . .
ρ
d2
ρ
d2
I
d
ρ
d2 . . .
ρ
d2
. . . . . . .
. . . . . . .
ρ
d2 . . .
ρ
d2
I
d2
ρ
d2
ρ
d2 . . .
ρ
d2
ρ
d2
I
d2

. (A6)
7The determinant of this matrix can be estimated by induction as well and will be expressed by
Det(ρout) = Det
( 1
N
[ I
d
+ (N − 1) ρ
d2
])
× Det
( 1
N
[ I
d
− ρ
d2
])×(N−1)
, (A7)
where Det(.)×(N−1) denotes that there are N − 1 products of same determinant.
[1] C. E. Shannon, Bell System Technical Journal 27, 379423
(1948).
[2] T. M. Cover and J. A. Thomas, Elements of information theory
(John Wiley and Sons, Inc., New York, USA, 1991).
[3] C. H. Bennett, P. W. Shor, J. A. Smolin, and A. V. Thapliyal,
Physical Review Letters 83, 30813084 (1999).
[4] N. Gisin, N. Linden, S. Massar, and S. Popescu, Phys. Rev. A
72, 012338 (2005).
[5] L.-P. Lamoureux, E. Brainis, N. J. Cerf, P. Emplit, M. Haelter-
man, and S. Massar, Phys. Rev. Lett. 94, 230501 (2005).
[6] M. A. Nielsen and I. L. Chuang, Quantum computation and
quantum information (Cambridge University Press, Cambridge,
UK, 2002).
[7] M. M. Wilde, Quantum Information Theory, 2nd ed. (Cam-
bridge University Press, 2017).
[8] Y. Aharonov, J. Anandan, S. Popescu, and L. Vaidman, Phys.
Rev. Lett. 64, 2965 (1990).
[9] D. K. L. Oi, Phys. Rev. Lett. 91, 067902 (2003).
[10] L. Hardy, Journal of Physics A: Mathematical and Theoretical
40, 30813099 (2007).
[11] O. Oreshkov, F. Costa, and Cˇ. Brukner, Nature Communica-
tions 3 (2012), 10.1038/ncomms2076.
[12] I. Ibnouhsein and A. Grinbaum, Phys. Rev. A 92, 042124
(2015).
[13] K. Goswami, C. Giarmatzi, M. Kewming, F. Costa, C. Bran-
ciard, J. Romero, and A. G. White, Phys. Rev. Lett. 121,
090503 (2018).
[14] O. Oreshkov, Quantum 3, 206 (2019).
[15] P. A. Gue´rin, A. Feix, M. Arau´jo, and i. c. v. Brukner, Phys.
Rev. Lett. 117, 100502 (2016).
[16] K. Wei, N. Tischler, S.-R. Zhao, Y.-H. Li, J. M. Arrazola,
Y. Liu, W. Zhang, H. Li, L. You, Z. Wang, Y.-A. Chen, B. C.
Sanders, Q. Zhang, G. J. Pryde, F. Xu, and J.-W. Pan, Phys.
Rev. Lett. 122, 120504 (2019).
[17] G. Chiribella, Phys. Rev. A 86, 040301 (2012).
[18] M. Frey, Quantum Information Processing 18, 96 (2019).
[19] G. Chiribella, G. M. D’Ariano, P. Perinotti, and B. Valiron,
Phys. Rev. A 88, 022318 (2013).
[20] L. M. Procopio, A. Moqanaki, M. Arau´jo, F. Costa,
I. Alonso Calafell, E. G. Dowd, D. R. Hamel, L. A. Rozema,
Cˇ. Brukner, and P. Walther, Nature Communications 6, 7913
(2015).
[21] G. Rubino, L. A. Rozema, A. Feix, M. Arau´jo, J. M. Zeuner,
L. M. Procopio, Cˇ. Brukner, and P. Walther, Science Advances
3, e1602589 (2017).
[22] D. Ebler, S. Salek, and G. Chiribella, Phys. Rev. Lett. 120,
120502 (2018).
[23] K. Goswami, Y. Cao, G. A. Paz-Silva, J. Romero, and
A. G. White, “Communicating via ignorance: Increasing com-
munication capacity via superposition of order,” (2018),
arXiv:1807.07383 [quant-ph].
[24] G. Chiribella, M. Banik, S. S. Bhattacharya, T. Guha, M. Al-
imuddin, A. Roy, S. Saha, S. Agrawal, and G. Kar, “Indefinite
causal order enables perfect quantum communication with zero
capacity channel,” (2018), arXiv:1810.10457 [quant-ph].
[25] S. Salek, D. Ebler, and G. Chiribella, “Quantum com-
munication in a superposition of causal orders,” (2018),
arXiv:1809.06655 [quant-ph].
[26] Y. Guo, X.-M. Hu, Z.-B. Hou, H. Cao, J.-M. Cui, B.-H. Liu,
Y.-F. Huang, C.-F. Li, G.-C. Guo, and G. Chiribella, Phys. Rev.
Lett. 124, 030502 (2020).
[27] C. Mukhopadhyay and A. K. Pati, “Superposition of causal or-
der enables perfect quantum teleportation with very noisy sin-
glets,” (2019), arXiv:1901.07626 [quant-ph].
[28] C. Mukhopadhyay, M. K. Gupta, and A. K. Pati, “Superpo-
sition of causal order as a metrological resource for quantum
thermometry,” (2018), arXiv:1812.07508 [quant-ph].
[29] X. Zhao, Y. Yang, and G. Chiribella, “Quantum metrology with
indefinite causal order,” (2019), arXiv:1912.02449 [quant-ph].
[30] M. Caleffi and A. S. Cacciapuoti, IEEE Journal on Selected Ar-
eas in Communications , 11 (2020).
[31] M. K. Gupta and U. Sen, “Transmitting quantum information
by superposing causal order of mutually unbiased measure-
ments,” (2019), arXiv:1909.13125 [quant-ph].
[32] N. Loizeau and A. Grinbaum, Phys. Rev. A 101, 012340 (2020).
[33] P. A. Gue´rin, G. Rubino, and Cˇ. Brukner, Phys. Rev. A 99,
062317 (2019).
[34] A. A. Abbott, J. Wechs, D. Horsman, M. Mhalla, and C. Bran-
ciard, “Communication through coherent control of quantum
channels,” (2018), arXiv:1810.09826 [quant-ph].
[35] L. M. Procopio, F. Delgado, M. Enrı´quez, N. Belabas, and J. A.
Levenson, Phys. Rev. A 101, 012346 (2020).
[36] L. M. Procopio, F. Delgado, M. Enrı´quez, N. Belabas, and J. A.
Levenson, Entropy 21, 1012 (2019).
[37] A. S. Holevo, IEEE Transactions on Information Theory 44,
269 (1998).
[38] B. Schumacher and M. D. Westmoreland, Phys. Rev. A 56, 131
(1997).
[39] P. D. Powell, “Calculating determinants of block matrices,”
(2011), arXiv:1112.4379 [math.RA].
